Applied and Computational Mathematics
2016; 5(5): 213-229
http://www.sciencepublishinggroup.com/j/acm

doi: 10.11648/j.acm.20160505.15

[Ny J' v I Y
otlencer

Science Publishing Group

ISSN: 2328-5605 (Print); ISSN: 2328-5613 (Online)

Distributed Subgradient Algorithm for Multi-Agent Convex
Optimization with Global Inequality and Equality
Constraints

. . * o . .
Li Xiao , Junjie Bao, Xi Shi
Department of Mathematics and Information Engineering, Chonggqing University of Education, Chongqing, PR China

Email address:
xsxiaoli@163.com (Li Xiao)

*Corresponding author

To cite this article:
Li Xiao, Junjie Bao, Xi Shi. Distributed Subgradient Algorithm for Multi-Agent Convex Optimization with Global Inequality and Equality
Constraints. Applied and Computational Mathematics. Vol. 5, No. 5, 2016, pp. 213-229. doi: 10.11648/j.acm.20160505.15

Received: August 7, 2016; Accepted: October 5, 2016; Published: October 27,2016

Abstract: In this paper, we present an improved subgradient algorithm for solving a general multi-agent convex
optimization problem in a distributed way, where the agents are to jointly minimize a global objective function subject to a
global inequality constraint, a global equality constraint and a global constraint set. The global objective function is a
combination of local agent objective functions and the global constraint set is the intersection of each agent local constraint set.
Our motivation comes from networking applications where dual and primal-dual subgradient methods have attracted much
attention in the design of decentralized network protocols. Our main focus is on constrained problems where the local
constraint sets are identical. Thus, we propose a distributed primal-dual subgradient algorithm, which is based on the
description of the primal-dual optimal solutions as the saddle points of the penalty functions. We show that, the algorithm can
be implemented over networks with changing topologies but satisfying a standard connectivity property, and allow the agents
to asymptotically converge to optimal solution with optimal value of the optimization problem under the Slater’s condition.
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bounds on the performance index functions were given. As a
continuation of [1], a distributed subgradient projection
algorithm was developed in [2] for distributed optimization
where each agent was constrained to remain in a closed
convex set and the paper gave corresponding convergence
analysis on identical closed convex sets and on fully
connected graphs with non-identical closed convex sets.
Inspired by the works of [1, 2], the algorithms proposed in
[1] and [2] were studied in the random environment [3] and
[4], where the agents had the same state constraint. In [5], the
communication topology was undirected and each possible
communication link was functioning with a given probability.
Thus, the expected communication topology is essentially
fixed and undirected. Different from [1]-[5], a dual averaging
subgradient algorithm was developed and analyzed for
randomized graphs under the assumption that all agents
remain in the same closed convex set in [6] and it was shown
that the number of iterations were required by their algorithm
scales inversely in the spectral gap of the network. Moreover,
distributed optimization problems with asynchronous step-

1. Introduction

In recent years, distributed optimization and control have
developed rapidly, and have been welcomed in the fields of
industry and national defense, including smart grid, sensor
network, social network and information system (Cyber-
Physical system). Distributed optimization problems of
multi-agent systems appear different kinds of distributed
processing issues such as distributed estimation, distributed
motion planning, distributed resource allocation and
distributed congestion control [1-12]. The main focus is to
solve a distributed optimization problem where the global
objective function is composed of a sum of local objective
functions, each of which is only known by one agent.
Distributed optimization problems were first studied
systematically in [1] where the union of the graphs was
assumed to be strongly connected among each time interval
of a certain bounded length and the adjacency matrices were
doubly stochastic. A distributed subgradient method was
introduced to solve the distributed optimization and error
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sizes or inequality-equality constraints or using other
algorithms were studied in [7]-[12] and corresponding
conditions were given to ensure the system converge to the
optimal point or its neighborhood. However, as in [1]-[5], it
was assumed in [6]-[12] that the state sets of agents to be
identical or the objective function finally converge to only a
neighborhood of the optimal set.

In this paper our work is to extend [14] to study the
penalty primal-dual subgradient projection algorithm in a
more general method. In [14], the authors solved a multi-
agent convex optimization problem where the agents subject
to a global inequality constraint, a global equality constrain
and a global constraint set. In order to solved these
constraints, the author in [14] presented two different
distributed projection algorithms with three assumptions that
the union of the graphs is assumed to be strongly connected
among each time interval of a certain bounded length and the
adjacency matrices were doubly stochastic and non-
degeneracy. However, [14] guaranteed the edge weight
matrices of graphs were doubly stochastic (i.e.,

a;(k)=1 for all iOV and k=20, and Y L a,(k)=1
for all jJUV and k>0). Previous work did not perform
well on the application of the distributed algorithms in multi-
agent network.

Contributions: The subgradient algorithm (we proposed) is
different with the approach proposed in [14] in properties and
analysis. In our approach, the communication topology is
without loss of generality. This paper does not recur to the
assumption that the adjacency matrices are doubly stochastic,
and we only require the network is weight-balanced, which
makes our algorithm more practical. In this paper, we
consider a general multi-agent optimization problem where
the main focus is to minimize a global objective function
which is a sum of local objective functions, subject to global
constraints, including an inequality constraint, an equality
constraint and a (state) constraint set. Each local objective
function is convex and only known by one particular agent.
On the other hand, the inequality (resp. equality) constraint is
given by a convex (resp. affine) function and known by all
agents. Each node has its own convex constraint set, and the
global constraint set is defined as their intersection.
Particularly, we assume that the local constraint sets are
identical. Our main interest is in computing approximate
saddle points of the Lagrangian function of a convex
constrained optimization problem. To set the stage, we first
study the computation of approximate saddle points (as
opposed to asymptotically exact solutions) by using the
subgradient method with a constant step-size. We consider
constant step-size rule because of its simplicity and practical
relevance, and because our interest is in generating
approximate solutions in finite number of iterations.

The paper is organized as follows. In Section II, we give
some basic preliminaries and concepts. Then, in Section III,
we present our problem formulation as well as distributed
consensus algorithm preliminaries. We then introduce the
distributed penalty primal-dual subgradient algorithm with
some supporting lemmas and continue with a convergence

analysis of the algorithm in Section IV. Furthermore, the
properties of the algorithm are explored by employing a
numerical example in Section V. Finally, we conclude the
paper with a discussion in Section VI.

2. Preliminaries and Notations

In this section, we first introduce some preliminary results
about graph theory, the properties of the projection operation
on a closed convex set and convex analysis (referring to [13],
[14]).

A. Algebraic Graph Theory

The communication among different nodes in an
information interplay network can be modeled as a weighted
directed graph G ={V,E, A} where V ={1,2,..., N} is the set
of nodes with i representing the i th node, £ UV XV is the
edge set, and 4 =(a;)y«y is the weighted adjacency matrix
of G with nonnegative adjacency elements @; and zero
diagonal elements. A directed edge €; =(v;,v;) implies that
node j can reach node i or node i can receive information
from node /. If an edge (/,i))JE, then node J is called a
neighbor of node i and a; >0 . The neighbor node set of

node i is denoted by &, , while we define |N,| as the

number of neighbors of node i . The Laplacian matrix

L=(l;)y« associated with the adjacency matrix 4 is
N

defined by ; ==a,,i#j; 1,=>" a

j=12:% » which ensures

that z;vzll,., =0 . The Laplacian matrix L has a zero

eigenvalue, and the corresponding eigenvector is 1, . Note
that the Laplacian matrix L of a directed graph G is
asymmetric. The in-degree and out-degree of node i can be

respectively defined by the Laplacian matrix as
N N

d,(v,) = _z /-:1,,-#11/ =l, and d, ()= _Z jel i l,-,- A
directed path from node J to node i is a sequence of edges
(J,4),(505)s--5(0,,,0) in the directed graph G with distinct
nodes i,k =1,2,...,m . A directed graph is strongly connected
if for any two distinct nodes J and 7 in the set V', there
always exists a directed path from node j to node i. A
graph is called an in-degrees (or out-degrees) balanced graph
if the in-degrees (or out-degrees) of all nodes in the directed
graph are equal. A directed graph with N nodes is called a
directed tree if it contains N —1 edges and there exists a root
node with directed paths to every other node. A directed
spanning tree of a directed graph is a directed tree that
contains all the network nodes.

B. Basic Notations and Concepts

The following notion of saddle point plays a critical role in
our paper.

Definition 1 (Saddle point): Consider a convex-concave
function L:XXMXV - R, where X , M and V are
closed convex subsets in R” and X xM xV _ R™. We are
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interested in computing a saddle point (x,4,A°) of
H(x", 4 ,A") over the set X xM xV | where a saddle point

is defined as a vector pair (x,4',A") that satisfies

HX A< H(X 1, A< H(x, 1, A", for all
xOX,uO0M, A0V

In this paper, we do not assume the function /"' at some
points are not differentiable, and the subgradient plays the
role of the gradient.

Definition 2 : For a given convex function F:R" - R
and a point x O R", a subgradient of the function F at X isa
vector DF(X)0R" such that the following subgradient

inequality holds for any x O R”:
DF(%)" (x - %) < F(x) - F(%)

Similarly, for a given concave function G:R” — R and a
point ZOR™ , a supgradient of the function G at # is a
vector DG(FZ)OR™ such that the following supgradient
inequality holds for any ZOR":

DG(R)" (u- ) 2 G(u) - G(f2)

We use P,[X] to denote the projection of a vector X on a
closed convex set X , i.e.

Py[x]=argmin || X - x|

In the subsequent development, the properties of the
projection operation on a closed convex set play an important
role. In particular, we use the projection inequality, i.e., for
any vector X

(P[x]=x)" (y=P[x]) 20 forall yYOX (1)
We also use the standard non-expansiveness property, i.e.
| Pe[x]=Pc[y]lI<]lx=y]| forany x and ¥  (2)

In addition, we use the properties given in the following
lemma.

Lemma 2.1: Let X be a nonempty closed convex set in
R". Then, we have for any x JR",

@) (PIx]-0)' (=P xD<-[|Bx]-x|" , for all

yox.

b) [P [x1=y [Pl x=pIF =[P [x]=x[" , for all
youx.

Proof:

(a) Let xOR" be arbitrary. Then, for any yUX | we
have

(Pex]=0)" (x =) = (B [x] =) (x = B [x]) + (P [x] = %) (P [x] = )
By the projection inequality [cf. (1)], it follows that

(P[x]=x)" (P [x]=») <0
implying
(P[x) =) (y=P[x]) < = || P [x] - x|F, forall yOX
(b) For an arbitrary x[JR" and for all ¥ X | we have
| B =y P = Bx]=x+x=pP=| B =x +Hlx=y[ 2B K]0 (=)
By using the inequality of part (a), we obtain
1P [x]=pIP<llx =y " =l Pe[x]=x]|F, forall yOX

Part (b) of the preceding lemma establishes a relation
between the projection error vector and the feasible
directions of the convex set X at the projection vector.

The following notations besides those aforementioned will
be used throughout this paper. R denotes the set of all 7 -
dimensional real vector spaces. Given a set S, we denote
co(S) by its convex hull. We write x" or 4T to denote the
transpose of a vector X or a matrix 4. We let the function
[0 : R™ - R, denote the projection operator onto the non-

Denote 1, =(1,..,1)" OR" and

For a vector xOR” , we denote

negative orthant in R™ .
0, =(0,..,0)" OR" .
| x[=( % |,-r] x;, )T, while || x]| is the standard Euclidean
norm in the Euclidean space. In this paper, the quantities
(e.g., functions, scalars and sets) associated with agent i will
be indexed by the superscript [7].

3. Problem Statement

We consider a multi-agent network model. The nodes
connectively at time £ =0 can be represented by a directed

weighted graph G(k)=(V,E(k), A(k)) , where E(k) is the
set of activated edges at time k, i.e., edge (j,))E(k) if
and only if node i can receive data from node J, and
A(k) =[a;(k)]OR™ is the adjacency matrix, in which
a; (k)20 is the weight assigned to the edge (/,i) at time k.
Please note that the set E(k) UV xV \diag(V) is the set of
edges with non-zero weights @, (k) . In this paper the agents

are to correspondingly solve the following optimization
problem:

min /() =3 /00, st g0, hx=0, x0X (3)

where f17:
agent i , and X is a nonempty, closed, compact and convex
subset of R". In particular, we study the cases where the
local constraint sets are identical i.e., X = X! for each

R" - R is a convex objective function of

agent, and X is a global decision vector. Assume that f1 is
only known by agent i. The function g:R" — R is known
by all the agents with each component g, , for £U{l,...,m},



Applied and Computational Mathematics 2016; 5(5): 213-229 216

being convex. The inequality g(x)<0 is component-wise;
ie., g,/(x)<0, for all £0{L,...,m}, and represents a global
inequality constraint. The function % :R" — R, represents a
global equality constraint, and is known by all the agents. Let
/" denote the optimal value of (3) and x* denote an optimal
solution of (3). We assume that the optimal value f~ to be
finite. We also represent the optimal solution set by X, i.c.,
X' ={x0OR" Y fUx)=f"}. We will assume that in
general f is non-differentiable.

To generate optional solutions to the primal problem of Eq.
(3), we consider optional solutions to its dual problem. Here,
the dual problem is the one arising from penalty relaxation of

the inequality constraints g(x) <0 and equality constraints
h(x) =0 . Note that the primal problem (3) is trivially
equivalent to the following:

min f(x), s.t. Ng(x)<0, Ni(x)=0, xOX
xOR"

with associated dual problem given by

max q,(i,A), s.t. u=20, 120

LOR™ ACR”

Here ¢,:R},XR), - R is the penalty dual function
defined by  gp(A)=info, Houid)
H:R"XR[ xR}, - R is the penalty function given by
H(x, ,A) = f(x)+Nu'[g(x)]" +NAT |h(x)| . We often
refer to vector OR",AOR" with #20,A20 as two

where

multiplier. We denote the dual optimal value by ¢ and the
dual optimal set by As°. We define the penalty function
a' =g, ) =inf{f @)+ N

HYx, 11, 1): R” xR xR, - R for each agent i as
follows: H(x, 1, Ay = fM(x)+ (' [g(x)]" +A7 | h(x)|. In
this way, we have that H(x,i,A)=Y " H(x,11,0) . We
say that there is zero duality gap if the optimal value of the

primal and the dual problems are equal, ie., f/ =¢ . As

proven in the following lemma, the Slater’s condition in
Assumption 3.1 ensures zero duality and the existence of
penalty dual optimal solutions.

Assumption 3.1 (Slater’s Condition): There exists a vector

X such that g(x) <0 and A(x)=0. And there exists at least
one interior X of X , i.e. XX , problem (3) has finite
optimal solution, and X =N, X" has nonempty interior
point.

Lemma 3.1: Let the Slater condition holds, the values of

/" and ¢’ coincide, and A" is non-empty.
Proof: Define Lagrangian function L, : R" xR, xR}, - R
as L, (x,i,A)=f(x)+Nu'g(x) +NA"h(x) , with the

associated dual problem defined by

max q,(4,A), s.t.

LOR™ AOR

#z0 )

Here, the dual function, 4.(#,A)=inf L (x,4,A) | The
dual optimal value of problem (7) is denote by ¢* and the set
of dual optimal solutions is denoted by Q. Since X is
convex, f and g,, for (0{l,...m}, are convex, and [ is
finite and the Slater’s condition holds, we can conclude that
f"=a and Q" #0 . We now proceed to characterize ¢

and M. Pickany ¢, (i’ ,A")0Q". Since 4 =0, then

g+ N(A) h(x)}

)

<inf{f () + N [gW" + N[ A [1h(0) [} =g, (4, A D q

On the other hand, pick any x" 0X". Then x" is feasible,
ie, xOX [g(x)]" =0 and |A(x")|=0 . It implies that
q(uA) < H(x ,i,A)=f(x')=f" holds for any pORZ
swp g A)sf =d

and AOR), , and thus q = L IR
Therefore, we have f~ =¢ .

To prove the non-empty of M™ ,
W, ANH00" .
(U ,)A"DOM" and thus M" =00

Throughout this paper, we use the following assumption
for problem (3).
Assumption 3.2: Let the following conditions hold:

1) The set X is closed and convex.

2) Each function f"':R" - R is convex.

we pick any
From (5) and @ =¢q  , we can see that

3) All functions f'' have Lipschitz gradients with a
constant L:|| Df" (x) =D (y)||< L] x—y||for all x,y OR".

4) The gradients Df"(x),i 0V are bounded over the set
X , ie., and there exists a constant G such that
| Df"(x) |l G forall xOX andall iOV .

When each f' has Lipschitz gradient with a constant L, ,
assumption 3.2(3) is satisfied with L = I?DE}/XL. When X is

compact, the Assumption 3.2(4) holds. We here make the
following assumptions on the network communication graphs

G(k).

Assumption 3.3 (Non-degeneracy): There exists a constant
a >0 such that a,(k)=a, and a;(k), for i # j, satisfies
a; (k) 0{0} U[a,1], forall k=0.

Assumption 3.4 (Weight-balanced):
balanced if d_,(v) =d, (v), forall vOV .

Assumption 3.5 (Periodical Strong Connectivity): There is

G(k)

is weight-

a positive integer B such that, for all k, 20, the directed
graph (V,U22 E(k, +k)) is strongly connected.
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Lemma 3.2 (Saddle-point Theorem) : The pair of

(x,4',A7) is a saddle point of the function H over
X xR xR, if and only if it is a pair of primal and penalty
dual optimal solutions and the following penalty minimax
equality holds:

sup inf H(x,4,A)=inf  sup

m y x0X Ox v
(4, ORZG xRY, ™ T (W A)ORG <R,

H(x, 1, A)

Based on this characterization, we will use the subgradient
method of the following section for finding the saddle points

of the penalty function. We denote w=(,A), for each
wOR), xR}, and we define the function HE’,J :R" - R as
H(x)= H(x,w) . Note that Hl(x) is convex in X by

using the fact that a nonnegative weighted sum of convex
functions is convex. For each x[J R , we define the function

HYx): R xR, - R as HY(w) = H (x, w) . It is easy to
check that HLi] (w) is concave in W . Then the penalty

function H(x,w) is the sum of convex-concave local

functions.
Lemma 3.3 (Dynamic Average Consensus Algorithm)
[21] : The following is a vector version of the first-order

where 7(¢) is referred to as the reference signal (or

input) of node i attime ¢.
We propose the First-Order Dynamic Average Consensus
Algorithm below to reach the dynamic average consensus:

xR =50+ Y w (00,0 =x,0) + b (0)

Let ¢>( and ;jp be fixed. Then for every ¢U{l,...,n},

there exists a real number /7, >0 such that for every integer
PO[(B,(nB+B~-1)],and i0D, , it holds that for ¢ =s + ph

X(6) 2 m(s)+ 3" D (s +qh) +17,(x, () = m(s))  (6)
X(0) S M)+ Y. A (s +gh) +10,(M ()= x5, () (7)
Without loss of generality, we only consider the case

where s =0, being identical with the proof for a general S.
Fixing some i, it holds that

x(t+h) = x50+ 3w, (0, (1) = x,(0) +Br; (1)

Let £ =0, we have that

d}[l;lamic ; aver:tge consensus algorithm with x,(h) = x,(0) + Zm w, (0)(xj (0) = x,(0)) + Ar:(0)
k), &(k)OR":
=(1- Z»m w;(0))x,(0) + Zm w; (0)x,(0) + Ar;(0) ®
A +1) =300 (ox (k) + 87 (k) 2(1-3]  w,(0)m(0)+ 3, w,(0)m(0)+Av,,(0)
=m(0) +Ar,,, (0)
We set  AZ(k)=max,, &1(k)-min,, &1(k) for
Si 8) holds for all i
1<¢<n . The sequences of W(k)=[w;(k)] satisfy ince (8) holds for all 7,
> w, (k) =1 and 3" w,(k)=1. Suppose that periodical m(h)z m(0) +Ar,;;, (0) ©)
strong connectivity Assumption 3.5 holds. Assume that Applying recursive method, it follows that
kliqlmﬂa (k)=0 for all 1</<n and all k=0 . Then
t_
Jim | k)= k) 120 forall i,/ OV . m(t) = m(0) + ZE:; A, (ph) (10)
Proof: Define N
Si _w.(t)=1at t >0, we have that
M) = max » () = I%IVH () ince Z,:l (1) =1 at every we have tha
D(t) = M () = m(t) DA ) = ey = 1 (e = )
Armax (t) = n;lDal'/X Arz (t) Armin (t) = %IVH Af; (t)
X (t+h)=m(0)= 1 Ar. (ph)
1_
= 2w (O, O+ D (0)= 3w (OOm(O) = 3w (031 Ay, (ph) = By, (1)
1
= Zle w, (O(x, (£) = m(0) - Z;:;Armm (ph)) + Dr (1) = B (£) (11)

2w, (0, () =m(0) = Y1 A, (ph)

2 @, (1)=m(0) = Y1 Ary, (ph))

where we are using the property of (10) in the last two inequalities. Applying repeatedly (11), we have that, for any integer

PO[(B,({B + B -1)], the following holds for ¢ = ph
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x, () =m(0) = " M, (gh) 2 & (3, (h) = m(0) = By, (0))
2 & (3,(0) = m(0)) 2 17, (x, (0) = m(0))

where 7, =" .

Now we proceed by induction on ¢. Suppose that (6) holds for some 0< ¢ <n ; then we should show (6) for iO0N,,,. By
the induction hypothesis, we have that for all integer PU[(B,({B+ B —1)], there exists some /7, >0 such that the following

holds for ¢ = ph

x,(0)=m(0) =Y. "" Ar. (qh) 21, (x,(0) ~m(0)

Consequently, as in (11), we have

5 (4 D) =m(©0) = X Ar, (gh) 2w, ()5 (1) = m(0) = Y1) B, (qh))
2w, (xk (0) —m(0))

Following along the same lines as in (11), we obtain x,(¢' + /) —m(0)— Z::o Ay (gh)2n,,,(x,(0)—m(0)) for all

PO[(L+1)B,(¢B+B—1)] where 77,,, =" ™"’n, and ¢ = ph . This establishes (6) for i I N,,, . By induction, we have shown
that (6) holds. The proof for (7) is analogous.

Let p :w%N(N“)B'I , then /7 <1, for any ¢0{l,..,N—1}. By replacing § and ¢ in (4) with ¢ and ¢, =¢t+(LB+B-1)h

respectively. We have that for every =0

2 m(6) + 1, By (ah) + 75, ()= m(e)

Similarly, we can see that
LR

M) M)+ Z:ZLNmax(qh) =M (1) = x, (1))
h

Combining the above two inequalities gives that

h
D) S (1=mD©) + X1, AR(gh)
h
Denoting 7, =k(NB—1)h for an integer k =1 . From (9),
we know that D(z +h) < D(¢) + AR(¢) . Thus we have
D(T,) < (1-17)" D(0) +Q(n)

where

T L
n— S -1
Qm)=(1-m"" )1, AR(qh)+...+zqh=EAR(qh).
h
For any t=0, let ¢, be the largest integer such that

_ L
(,(NB=Dh<t, and Q) =Q(£,)+." ; DR(gh) . Thus for
T

h

all =0 it follows that

D= D)+ X7 AR(gh)
< (=) D(O)+ Q) (12

< (1-m) ™ D(0)+ (1)

Since AR(#) < /6 and D(t) are input-to-output stable with

nvenysa

. _ 1 .
ultimate bound =<4h8(NB -1); < 4hO(NB-1)w 2 ; le.,

there exist I >0 and 0 <A <1such that

D(r) < max{l A" =}, 0r=20

Choosing as initial state x,(0)=r(-h) for all

i0{,...N} . Since x(+h)=2 w0, (0)=x,0)+
x,(t) +Ar(?) , we can deduce that
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PTG DES IR ORD IR0
=3 0+ Y, iOAVi(qh)
=3O+ X GO - =Y " R0

(13)

1
It follows from (13) that m(t +h) < NZ;;;U) SM(t+h)
and thus

N

. 1 ) —
r{lu%x}argsup|xi(t) Nzl,:l};(t h)|< }ErgsupD(t)S_

Let imAR(#) =0 for any #>0. The implementation of
the Dynamic Average Consensus Algorithms ensures that
lim==0 S0 we can conclude that

[

limsup | x,(#) —x,(¢) |< limsup D() < 0

Thus, limsup|, (1) =, (1) =0 holds.

Consider the following Distributed projected subgradient
algorithm proposed in [13]: Suppose Z O R" is a closed and
convex set. Let xl(k +1) = P, (k) - a(k)dl (k)] . Denote
k) = P, (k) - ar(k)d™ (k)] -1 (k) . The following is a
slight modification of Lemma 8 and its proofin [13].

Lemma 3.4: Let the non-degeneracy Assumption 3.3, the
weighted-balanced Assumption 3.4, and the periodic strong
connectivity Assumption 3.5 hold. Then there exist y >0

and S0(0,1) such that

Iy =20y I Ny Y B a1 () ||+ ) +a@d @) |1}
+NyB Y 1)

Suppose {d[i] (k)} is uniformly bounded for each i1V,

and z:o a(k)? <+oo , then we have

> a(k)? max,, || 2 (k) = 5(k) ||< +oo .

4. Distributed Subgradient Methods

In this section, we introduce a distributed penalty primal-
dual subgradient algorithm to solve the optimization problem
(3), followed by its convergence properties.

Distributed Penalty Primal-Dual Subgradient Algorithm

We consider a set V' ={L,...n} of agents. Each agent
chooses any initial state
xUoyox, oyor:, A 0)ORY, , and
y[i](l) =Nf[[] (X[i] (0)) . At any time k=0, each agent i
computes the following convex combination:

WE=x®+ny, o a,(RG (k)= (k)

W) = 47+ Y (RN () = 1 (k)
AR = AT +hY - a (AT () = AT (k)
A0 =30 +hY a0 () = ()

and updates its estimates Pl (k+1), ,u[i] (k+ 1),/][4 (k+1), and
y[i] (k +1) according to the following ways:

Ak +1) = P [ (k) - a (k) sP )

e +1) = (k) + a () g (M (o)1

Mg +1) =W )+ a k) RO (k)|

He+n =)+ N w - M a1

(14)

where the scalars a,(k),a,(k),...,a, (k) are nonnegative
weights and the positive scalars {@(k)} are step-sizes, Py is
the projector onto the set X . The vector S£’] (k) is a
subgradient of the agent i ‘s penalty function Eﬁl(,‘)(x) at
x=W(k), where W' (k)= (k) (k) is the convex
combination of dual estimates of agent i and its neighbors’.
S£i] (k) keeps to the following rules:

m

sk = D oMy + 3" Wk, Dg, [0 (k)1
3 W, Db, |61 (k)
Remark 4.1: Since
Wk = xR+ 1Y, @O (R) =X (K)) | it follows
that

W) =) =h Y 1 () (k)

where L(k) =[/;(k)] is the Laplacian matrix such that
L1, =0,,1,L=0}.

Proof: Modifying the second term on the right-hand side in
the above formula, we then have

A= 28 =l () () =y, 1 (k) (k)

= U=kl ()R =hY L () (k)
Let w, (k) = (1= A, (k)), w; (k) = =hl, (k) , one has
W)=Y wy ()< (k)

Since graph G(k) is balanced, then Z:’:laﬁ (k)=0 and

N

Zf_ilaﬁ(k) =0 . We can conclude that Z w.(k)=1 and

j=1 0
Zilw,.j(k)zl hold under the condition that % satisfies
1-hl,(k)>0

Similarly, we obtain
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N

VE] (k)= Zj/:l w, (k),u[”(k) , v;i] (k)= Zj:l w; (k)/][j](k) and
A= 30 w (0y ().

Assumption 4.1 (Step-size assumption): The step-sizes

satisfy JIm a(k)=0 3" g(k)y =+ , > a(k)’ <+

and  lim a(k+1)s(k)=0 z:’:oa(k)zs(k) <+o0 |

D ak+1)s(k)’ < +oo.

In the following, we study the convergence behavior of the
subgradient algorithm introduced in this section where the
optimal solution and the optimal value is asymptotically
agreed upon.

Theorem 4.1 (Convergence properties of the DPPDS
algorithm): Consider the problem (3). Let the non-
degeneracy Assumption 3.3, the weight-balanced Assumption
3.4 and the periodic strong connectivity Assumption 3.5
hold. Consider the sequences of {x[i] (k)} and {y[i](k)} of
the distributed penalty primal-dual subgradient algorithm,
where the step-sizes {@(k)} satisfy the step-size Assumption

4.1. Then there exists a primal optimal solution ¥ X" such

that klirflo|\x[i](k)—f\\=0 for all iOV . Furthermore, we

have lim || /()= /1= 0 forall iV .

Remark 4.2: The distributed penalty primal-dual
subgradient algorithm takes the equality constraint into
account. The presence of the equality constrain can make
M" unbounded. Therefore, unlike other subgradient
algorithm, e.g., [15], [16], the distributed penalty primal-dual
subgradient algorithm does not involve the dual projection
steps onto compact sets. So we do not guarantee the

subgradient Sii] (k) not to be absolutely bounded, while the

boundedness of subgradients is a standard assumption in the
analysis of subgradient methods, e.g., see [6], [13], [17],
[18], [19], [20]. The step-size of Assumption 3.1 is stronger
than the more standard diminishing step-size scheme in [22]
and this will correctly deal with the difficulty of the

boundedness of S£’] (k). We give this condition in order to

prove, in the absence of the boundedness of S£’] (k) , the

existence of a number of limits and summability of

expansion toward Theorem 4.1. Finally, we adopt the penalty

relaxation instead of the Lagrangian relaxation in this paper.
Remark 4.3 (Penalty subgradient inequality): Observe that

(k)2 0,47 (k)20 and V(k) DX (due to the fact that
X is convex and in](k)=27:lmj(k)x[i](k) ). Moreover,

G0 LTI 1 I

1
HWI'] (k)

inequality holds for any g#OR), and AOR},:

supgradient of

(W[i] (k)) ; ie. the following penalty supgradient

(O )T (= )+ | RO ) [T (A= (k)

o . , . 15)
> HI O (), 1, ) = HI O (), o (), (k)

Proof: Observe that
HY e,y 2y = () + (1 [g(x)]" + A7 | A(x)| holds for all
Wky=0, M=o, Wk)OX and i is arbitrarily.
Thus,

HOO ), 1,4y = FAO )+ 1 T2 (P nT + AT 1RO (k) |

and

A o, o, M () = A ey + G o) Le O (o
+ A1) 1A (k) |

Followed by the properties of supgradient, we obtain
OO ey, 11,2 = HO G o) (o) ] (k)
< (=W 1z 1 +(2-4w) 1h6H hy)|
< (gl T (= o+ M ) [T (A =) (k)
Remark 4.4: In this paper, we apply the harmonic series

1
{0’ (k) :—} into our subgradient algorithm. It’s easy
k + 1 kOz=20

k+1
Assumption 4.1 (for more details, one may refer to [14]).
A. Convergence Analysis
In the following, we will prove convergence of the
distributed penalty primal-dual subgradient algorithm. First,
we rewrite our algorithm into the following form:

1
to check that {O'(k):—} satisfies the step-size
kOZ=20

A0+ 1) = )+ ull ),
A+ 1) =1 () + el (),

A +1) =1 (k) + ) (1)
W+ =l +all )y

where e)[(i] (k) is projection error described by
ey = P () = a ) s (o)1 =4 (k)

and ull (k) = a0 . k) = ath)| A R))]
Wty = Ny - Tk -1))  are some  Tocal
inputs. Denote the maximum deviations of dual estimates by
M, (k) = max,o, || @ (K)|| and M, (k) = max, || A (k) |
We further denote the averages of primal and dual estimates

s ¥ =200 = A b

and

Ak) :%leﬁ[i] (k) . Since X is compact, and ]‘["],[(g(m]+

and & are continuous, there exist F,G*, H >0 such that for
all xOX , it holds that || fU(x)||<F for all iOV ,

I[g()] I<G* and || A(x)|[< H . Since X is a compact set
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and 711, Tk are convex, then it follows from [14].
/ [g(x)] |7, (O vex h Lemma 4.2 (Diminishing and summable properties):

Proposition 5.4.2 in [19] that there exist Dp,D;..Dy >0 Suppose the weighted-balanced Assumption 3.4 and the step-
such that for all xOX , we have that Size Assumption 4.1 hold.

' holds that
. ' D "I<D. (<< @ It _
||Df|| (X|)h||S|(DFH(z DV)( , m ||) [¢,@)] I D, ( m) lim @M, (k) =0, lim @M, () =0, lim ate) || U =0
and | D |4, | (x)|€ D, 1< <v). oo koo m

Lemma 4.1: Let K=0. Consider the sequence {J(k)} , and the sequences of {a/(k) ZM“ (k)z}’ {a(k)zM/‘ (k)z} and
S a0 {a(k)* || SUk) |} are summable.

defined by {d(k)} = W where k2K +1, (b)) The sequences of {a(k)| k)W) .

@ AR -Hw Iy, @M, & |2k -Hw )y

{a()M,, (k) | 2(k) -1y )y and  {a(k) || £0k) = (k) |1}
are summable.
(b) If lim p(k)= 0, then lim 8(k)=p". Proof: (a) Noticing that

a(k)>0 and z:KO’(k) =+too.
(@) If klim p(k) =+ , then klim O(k) = +oo .

The proof of Lemma 4.1 can be referred to Lemma 5.1 in
M, () = max oy [| 47 G0) ] (o) = 7w, G (), 3wy (k) = 1,3 w (k) =1

j=1 v =1y

Then, we show that

N

By 1= 7wy G Gyl 3wy (o 1| ) <30 w, (M, () = M, (k)

Recalling that VW (k) OX , 0k +1) = v (k) + a(k)[g ! (k)] . This implies that the following inequalities hold for all
k=20:

1k +1) =18 (k) + a(oLg G T I (k) [1+G a(k) < M, (k) + G a (k)

Then we deduce the following recursive estimate on M, (k+1)< M (k)+G"a(k) . Repeatedly applying the above
estimates yields that

M, (k+1)< M ,(0)+G"s(k) (16)

where s(k) =a(0)+a()+---a(k).
Similar arguments can be employed to show that

M, (k+1)< M, (0) + Hs(k) (17)

Since klfrilo a(k+Ds(k)=0  and klijgo a(k)=0  then we know that klij{}» atk+DM ,(k+1)=0  and
klij{}» a(k+1)M ,(k+1)=0 Noticing that

188y 1= DT G oy + 37 Wk, Dg, [0 oy + 320 k), D1k, | 06F () |
< D G 132" 198 ), Dg [ o1 1+ X 16 k), D 1, | G () |
Then, the following estimate on S£i] (k) holds:

150 k) < D, +D_.M (k) + D, M, (k) (18)

Recalling that Jlim @(k)=0 | lim a(k)M,(k)=0 and lim @(k)M,(k)=0 Then we have lim a(k)[|s(k)|=0. By
(16), we obtain

ST atky ML) <a(0yY My (0)+ Y " a(k) (M, (0)+G s(k ~1))’
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It follows from the step-size Assumption 4.1 that z:o a(ky’M f, (k) <40 . Similarly, one can show that
Z:Oa'(k)zM 3 (k) < +o0 . Multiplying both sides of M, (k+1)<M ,(k)+G"a(k) by a(k) and square, then we deduce the
following recursive estimate:

>0 @) 11U (h) | < a0 (D, + Dy + M,,(0)+ D, M, (0))}
+ 37 (k) (D, + Dy +(M,,(0)+ G"s(k 1)) + D,, (M, (0) + Hs(k =1)))’

Then the summability of {a(k)’}, {a(k+1)’s(k)} and {a(k +1)’s(k)’} testifies that of {a(k)* || SB] k) |}

(b) Noticing that

N

Ak =i ey lls 3wy () || ) = ey || < max [ Ak = ) | (19)

J=1

Then following from Lemma 3.4 with Z=R}, and dl! (k) =—[g(v£i] (k))]" , we have the summability of
{a(kymax,., || 20— &)} . Then {a(k) || Zk)- W (k) |l} is  summable.  Similarly, it holds that

Y@t A =K () || < +eo.
We now consider the evolution of !’ (k) . Recalling that v£’] (k)0X.By Lemma 2.1, let Z=X , z= v)[(i] (k) - a(k) S)[(i] )
and y = vy] (k) , we get

141y =) <) 1 ) - @ s iy - o |
=1k +1) = 01 (k) = () SY (k) | P

Regrouping the above estimates, we obtain

1) + (k) SY (k) 1< a() || SY (k) |

With the above relation, from Lemma 3.4 with Z =X and dl (k) :SB] (k) , the following holds for some ¥>0 and
0< ,B <I:

11 (k) = 2k) 1= Ny Y 1) [+ 28y Y g a ) | s ) | (20)
Multiplying both side of (20) by @ (k)M ,(k) and using (18), for all i OV, it yields
a(oM,, (k) | H () =2y < Ny Y (134 0) la k)M, (k) B+
+ 2Ny (k)M ()Y~ B a(1)(D, + D, +M (1) + D, M, (7))

By applying the relation of ab < %(a2 +5b”) and sorting out, we get

a(ooM , (kymax || (k) = 5(k) |1 NV(%Z,N:()H O [+(D, +D, +D)Y LB

XCJ’(k)zMﬂ(k)2 +%NVZZOH x[f] )| ﬁ2(k—1)

+ Nny;:) B Ta(r) (D, +D_.M;(1)+D,M;())

Part (a) gives that {@(k)’M,(k)’} is summable. Meanwhile, ZZOIIX[i](0)|\,DF,DG+,DH are bounded, and

k-1 e +eo 1 . L . .
ZFO [ < 2 io B =—— then we can say that the first term on the right-hand side in the above estimate is summable.

-8
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N h
Recalling that ] 2(k-1) Ny;‘” 0l , it’s easy to check that the second term is also summable. Part (a)
NyY 120y B2 s —=——

i=0 1-pB
gives that klijg a(k)’ (D, +D6+M;2, (k)+D,M;(k)))=0 and {a(k)’ (D, +DG+M2 (k) +DHM5 (k)))} is summable. Then
according to the Lemma 7 in [13] with ¥, = Nya(¢)*(D, + DG+Mj (0)+DyM?*(0)) =0 | ensure that the third term is
summable. In summary, {a(k)M, (k) max || (k) =2k I} is summable. Following the same lines in (19), one can show the
summability of {@(k)M,, (k)| VW(k)=%(k) I} . Similarly, {a(OM, (k) [ W (k) -%) [} and {ah) || W k) -z(k) |} are
summable.
Lemma 4.3 (Basic iteration relation): The following estimates hold for any x 0X and (¢, A) ORY X RY,:

Yty + a7 at) 1SPw P+ Y ATk - x -1 k41 - )

=2 2aG)HD O o, o5 00y = H G B o, i o) @n
and
0" (1 0 -l =1l G+ )= P+ QA B = AR = A G+ - AP
+ 3" 2a00(H 61 6,4 (o, § ey ~ Y 64 k), 1, 1) (22)
£ ak)? (ILg0 T I + 1 A0 (k) |1y
Proof: By Lemma 2.1, we can deduce that | Plz]-z Il z=y I = || Blz]- ¥ I} . Let

Z=X,z=W ) - a(k)sP (k),y =xO.X , we have
Yty +awstiao 1P < I ) —atost o) -x P =37 1 k- x )P
Expanding and regrouping the above formula, we obtain
Yy +amstiw P <" ato (15D 1P =Y 2a)st (0" 0 (k) - x)
3 ) —x |P =X (ke + D) = x|
Owing to the subgradient inequality SU(k)" (k) = x) < HY 6 (), v 00), A1 (hy) = Y e D ), ) )
it follows that:
Yl a1 <Y at? 1@ 1P+ At = x P =112k +1) - x|
=" 2a()(HD ), o), v () = H e v (), 8 (h))

Lemma 4.4 (Achieving consensus): Let assumption 3.3-3.5 holds. Consider the sequences of {x[’] (k)},{ﬂ[[] (k)},{/l[i] (k)}
and {y[i] (k)} of the distributed penalty primal-dual subgradient algorithm with the step-size sequence {@(k)} and the
associated {s(k)} satisfy im a(k) =0 lim a(k+1)s(k) =0 Then there exists ¥ X such that lim | Ay =520 for all
iV . Furthermore, lim || Wy -y =0, Jim | Ay = AU kY 1= 0 and lim | Wy =y k) |20 forall 4,70V .

Proof: By Lemma 4.3, we see that

Yl wramsiolf s 3L aw? S0 -3 L2k 0T 0w -x)
3l = x| =3 e+ 1) = x|

Owing to 0 < Z,A;H eLi] (k) + a(k)SL"] (k)|]* , one can show that
Sk -x P <D at? 1STwy P+ 3 2a ) 1| SPE ITGEE) - 0 1+ 3 11 ) - x P
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Since lim a(k)|| S i’] (k) |I= 0, taking the limit on & in the above inequality, then it follows that [lx 0 X :
. N i .. N i
kllqlmsupzi:1|| M k+D)-x|f < kliqlmmle_:ln Xy - x|f
and thus kli}}loo ZilH (k) =x| exists forany xO X :

lim 31l +a (st k) F < lim {3 ey | U0 P + 2 il 06 = IF = e+ - x P

=3 2atoH! 68 0,516~ 1 et 600 o)

On the other hand, taking limits on both sides of the above inequality, we have klijﬂ, ZLH e)[f] (k) +a'(k)D£f] (k)|F =0 and
therefore we deduce that kliIEo I eL"] (k)]I=0 for all iV . It follows from Lemma 4.1 that kh}ﬁ: I Y (k)—x[j] (K)|=0 for all
i, j OV . Combining this with the property, we can deduce that klirgo | ()= % =0 forall OV .

since lim (k) =%, /1 s continuous, for ull(k) = NI My - MM k-1, Wl (k) = atb) g k)T and
ull () = a ()| AOH ()|, we can deduce that Jim ull (k) =0, lim ull(6) =0, lim ol (k) =0

Claim 1: For any x’ OX" and (4',A)OM", the sequences of {a(b)[>., H(x" W (o), (k) - H(x', k), AG))T}
and {a(0)[>," HI O (k), 4", A") = H(G(k), 1, A"} are summable

Proof: Observing that

A G A ) - H G k). Ak
= G+ ) T2 + 05T 1hG) =G + (@) TGN + AT [ h(x) |
= (D) = (RN + (O )T = (A" [A(x)|

Recalling that || /T(x) ||< F,||[g(x)] |I< G*,]| i(x) ||< H , we then have

IED G o, A ) - H G k), A |
< (OET DT = @)D COT 1+ 1O )™ = (A |G| I
< ) = k) 1l g 11+ 1A ) = A 1A |
<G [V (k) = k) || +H |V k) - Ak |

By using the summability of {a(k)|| fi(k) —VE] (k) ||} and {a(k)|| A(k) —VL[] (k) ||} in part (b) of Lemma 4.2, we have that
a1 HY W o, (k) - Y (7, k), A(K)) |l are summable. Similarly, the following estimates hold:

HI O (), 1, A7) = HG k), 1,27
= MO Gy + (T Te AT + AT 1RO ) [ =T Gk + () T GUOT + (A7) [ G(k) |

Due to || D (x) i< D, (i0V), m|| D[g,(®)] < D,.(1< £ <m) and v|| D|h,|(x) [ D, (1S V) holds for all xOX , the

following estimates hold:

IED O ), 1, A7) = H G, A =) oM - Gy |
1O (g DT -[g GO |
A AOH K) | = AR D I
<Dy + Dy || 1 11+D, [ A" DM ) =2k |
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Then the property of ZZO a(k)|| i(k)—v£i] (k) || <+ in part (b) in Lemma 4.2 implies the summability of the sequence
tat Y I HY GO G, ) - O, k), Ak |1y and that of

ta(ory L, H M o, ) = HY e, Ao

Claim 2: Denote the weighted version of the local penalty function g1 over [0,k-1] as

A _ 1 k-1 i i i . . N Ali _ *
Ak —mzhoa(f)H(va),vU (0.0 The following property holds: lim > All(k) = £
Proof: Summing (21) over [0,k —1] and replacing X by x" 0 X", we can deduce that
S a3 " @ o o) - 2 (0,8 (o))
<3O - P+ a ) st P

The summability of {a(k)’ || SB] (k)|[*} in Part (b) implies that the right-hand side of (21) is finite as k — +c0, and thus

(23)

Y a0, Do, () - H G o, (010 24)

. 1

lim sup———
keto sk —1)
On the other hand, (x,4',A") is a saddle point of H over X xR’ xR’ . Since (f1(k),A(k)) DR xR’

o » then we have
H(x', k), A(k)) < H(x", 1 ,A") = " Claim 1 and (24) renders that

lim sup (kl D > a0, oW () - £
k - 4o K —_ = i=1 H
< lim sup =1 E f:;a(é)[g ?\il(H["] (vLi](f),vE] (!f),vLi] (Z))—H[i] (x*,vg] (Z),vLi] ON]
k — 4o s - /= i=
+ lim sup (kl 1 Zl/{:(l) (0L E N_ H (x*,vg](f),vgi](f))— H(x", uA(f),/i(f))]
k — +oo Ky —_ =l i=1

k - +o0

+ lim sups(k#_l)z’;;; (H( QO.A0) - £)S0

and thus ,{hrﬂ, sup le Al (k)<f" . On the other hand, X(k)OX (due to X is convex) implies
HE), ' A2 H(x 4 ,A))=f" . Similarly, we have the following estimates kﬁj&) inf lel:l[i] (k)= p" . Thus

. N Al *
Jim 35 Ao = 1.

Claim 3: Denote 71(k) = ZLH [ ((v£i] (k),vg] (k),vgi] (k)-H (ﬁ(k),,[/(k),/i(k)). And we denote the weighted version of the
global penalty function H over [0,k —1] as

Ay =—"!

=D S TOH RO H0.AD)

The following property holds: lim A (k)= f".
Proof: Noticing that
k) =" () = G+ 0 ) g0 o) =8 (0 T (GiT)
+ 3 O ) eGP DT = ) T (R(NT)
+ 3 ) 1 heH () | -4 ()T | AGE)) 1)
37 O ®T [hGE) | =A®)T | AGEE))

(25)

By using the boundedness of subgradients and the primal estimates, we can see that
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Il " 1o ) - MG 1+ 37 168w ety v ) TeGUT) |
3 OB E) g0 R - k) g GUNT) |
3 IO @ 1A ) )T 1 AGE) D |
3 IO KT | AR [ =AK)" [ AGE) ) |

Noticing that || DfY(x) < D, (iOV) , m| D[g, (0] l€D,.(1<¢<m) and v|D|h|(x)|<D,(1SL<v) holds for all
x 0 .X , the following estimates hold:

|| 70k) ||S (D + Dy + M, (k) + Dy M, (k) x Y. " || (k) = (k) |

N N0 A (26)
+G" ) - oy 1+ BT I ) - A |

Then it follows from (b) in Lemma 4.2 that {a(k)|| 76(k) ||} is summable. Notice that
k-1
2.L,a0| )|
s(k-1)
Claim 4: The limit point ¥ in Lemma 4.4 is a primal optimal solution.

Proof: Let f1(k) = (&4 (k). f1,(k))" OR%. By ik +1) =l (k) +ull (k) and 37w, () =1, Y w, (k) =1, we get

lim | A=Y, " AV )i lim =0. Following the Claim 2, hence, lim H (k)= f".

o= 3w (o +aoy ) [0 o)

27
=37 Wk +aty " [0y @7

This indicates that the sequence {f, (k)} is non-decreasing in R,,. Observing that {f,(k)} is lower bounded by zero.
Therefore, we give the following two cases:
Case 1: The sequence {£, (k)} is upper bounded. Then {f,(k)} is convergent in R,,. Then it follows from Lemma 4.4 that

Jim || k)= (1K) = 0 for all ,jOV . This implies that there exists 4, OR,, such that lim | k)= 11 |0 for all
idV . Recalling that ZZI ;}i] (k+1) :ZZI ;}i] (k)+zlj_ilu£i] (k) in (27). Following a recursive step, we can get
U k=Y o)+ amY e @)T . Since Y7 ath)> ! [g, @) <+wand Y7 a(k) =+, we
obtain  fiminflg, (@) =0 . since  lim [0)-%I=0  for al OV . we  have
Jim 1327w, (oM (k) =3 w, (%= 0 forall i0¥ , then Jim [1(k)~¥]=0 and thus [g,(D)]" =0.

Case 2: The sequence {£,(k)} is not upper bounded. Since {£, (k)} is non-decreasing, then [, (k) — +o by k — +o .

1
s(k-1)
is impossible that H(£(k), f1(k), A(k)) — +oo . Suppose that [g,(¥)]" >0 . Then we obtain

Recalling that H (k) = ZZ) a(O)H (E(0), f(0).A(£)) and Jlim H(k)=f", then it follows from (a) in Lemma 4.1 that it

HR(k), k), A(K) = f(R(k)) + NRGK) T2 GUNT + NAGK)" | (G (K) |
2 f(5(k) + f1, (k) g, (x(k)]*

Taking limits on both sides of (28), then we get

(28)

Tim inf H (3(K), f(k), A(k) = Tim sup(f (3(Kk)) + £, (R)[ g, ()] ) = +oo

Finally, we reach a contradiction, implying that [g,(¥)]" =0.

In both cases, we obtain [g,(¥)]" =0 for any 1</ <m. Similarly, we can further prove | A(¥)|=0. Since XX , then X is

S ai)

= is a convex combination of X(0),---,X(k—1) and

PIIC(G)

feasible and thus f(X¥)=f . For another, since
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klij}}o X(k) =X _ then it follows from Claim 3 and (b) in Lemma 4.1 that:

W @OH GO, . AD) o

> a0

/"= lim H(k) = lim 2

Hence, we have f(¥)= /" andthus ¥0X".
Lemma 4.5: It holds that klijgo | y[i] (=110,

>La)

JEES )= /()
DI (O)

Proof: Since y[i] (k+1)= v[yi] (k) +u(k), Vg] (k)= Zjlzl w;, (k) (k) , then the following holds for any & =1

M e+1) =327 w, (o )+ ()

The following can be proven by induction on & for a fixed &' >1:

Sy =X ey + NS ST A ) - M e-1y) (29)

Let &' =1 in (29) and recall that initial state y[i] D =Nf U (x[i] (0)) forall iV . Then we obtain

Sl ="y« N Aty - Mo = MY MG k) (30)

From (30), we can obtain

YoM+ - My =N Ay -3 A k-1 =u (k) (31)

Combining (31) with Jim || 11(6) =1 (k) =0 gives the

desired result. Based on the above five Lemmas, we then
finish the prove of Theorem 4.1.

5. Numerical Example

In this section, we study a simple numerical example to
illustrate the effectiveness of the proposed distributed penalty
primal-dual subgradient algorithm. Consider a network with
five agents. Suppose each agent i has a function

f":R - R, given by
f[i] (X) - a[i]x +b[f] (x _C[i])2 + d[f] (x _e[i] )4

where the global decision vector
x =[x, x, X, x, x;]' OR>. The global inequality constraint
function is given by g(x)=x, +2x, +3x, +4x, +5x,-10 ,
the global equality constraint function is give by
h(x)=x, +x, +x, +x, +x;, =5 and the global constraint set
is given as: X =[-3 3]x[-3 3]x[-3 3]x[-3 3]x[-3 3].
a, p g el are parameters of !, whose values
are randomly choosen from the intervals
(-L1), (0,1), (-L1), (0,2), (-L1) . Consider the optimization

problem as follows:

miny  f(x), st 2(x)<0,

xOR®

h(x)=0, xOX (32)

We solve problem (32) by employing the distributed
penalty primal-dual subgradient algorithm (14) with the step-

size a(k)=1/(k+1). Its simulation results are shown from

Figs. 1 to 5. It can be seen from Fig. 1 that local input 3!
tends to 0 when it achieves consensus. Fig. 2 shows the state
evolutions of all five agents, which demonstrate that all
agents’ takes 5x10° iterates to asymptotically achieve
consensus. The state evolutions of dual solution # and A
are shown in Figs. 3 and 4, respectively. We can observe
from Fig. 5 that all the agents asymptotically achieve the
optimal value.

1500

1000
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-500

-1000

1500 . L : . ' L . . L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Iteration number k

Fig. 1. Local input u'" tends to O when achieve consensus.
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Fig. 2. Optimal solution x of primal problem.

&0

50

40

wli]
b=

20+

0
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500 1000 1500 2000 2500 3000 3500 4000 4500 5000
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Fig. 3. Optimal solution ,LI* of dual problem.
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Fig. 4. Optimal solution A : of dual problem.
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Fig. 5. Optimal solution f ! of objective function f i

6. Conclusion and Future Work

In this paper, we formulated a distributed optimization
problem with local objective functions, a global equality, a
global inequality and a global constraint set defined as the
intersection of local constraint sets. In particular, we
considered the local constraint sets to be identical. Then, we
proposed a distributed penalty primal-dual subgradient
algorithm for the constrained optimization with a
convergence analysis. Moreover, we employed a numerical
example to show that the algorithm was asymptotically
converge to primal solutions and optimal values. Future work
may aim at the analysis that the local constraint sets of each
agent are imparities. Also, we will pay attention to the
convergence rates of the algorithms in this paper.
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