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Abstract: For a mapping, fuzzy sets obtained by Zadeh's siteiprinciple are images of other fuzzy sets endbmain of
the mapping under the mapping. Some relationstepsden images of level sets of one or two fuzzy satler a mapping and
another fuzzy set obtained from the one or two Yussts by Zadeh's extension principle are knowrthénpresent paper, the
known results are extended to more general onéss@me useful results for applications are derlwethe extended ones.
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1. Introduction

The concept of fuzzy sets has been primarily inioed  all fuzzy sets oiX.
for representing sets containing uncertainty orueagss by Fora € F(X) anda €]0,1], the set
Zadeh [9] as fuzzy set theory. Then, fuzzy setthéas been
applied in various areas such as economics, maregem [Ale = {x€X: a(x) = a}
science, engineering, optimization theory, operati@search,
etc. [2, 3, 5-8]. Zadeh's extension principle [1, 9§
provides a natural way for extending the domain aof
mapping. It is an important tool in the developmehtuzzy
arithmetic and other areas. LEt X X Y —» Z be a mapping, _(1 jx€S,
and letd and b be fuzzy sets oiX and Y, respectively. In cs() = {0 ifX€&S
addition, let f(3,b) be the fuzzy set o obtained froma
and b by Zadeh's extension principle. In [4], relatioipsh
betweenf([a],, [b],) and [f(3, b)], are investigated, where
[4],, [b],, and [f(d b)], are thea-level sets of3, b, and 4 = SUPgejo] A,
f(a,b), respectively. o -

In the present paper, the results in [4] are extdrid more which is well-known as the decomposition theoreeg, Sor
general ones, and some useful results for appicatare ©€xa@mple, [1].
derived by the extended ones. We set

is called thea-level set ofa.
For a crisp seS c X, the functioncg : X — {0,1} defined

for eachx € X is called the indicator function 6f
Afuzzy setd € F(X) can be represented as

:P(X) = {{Sa}ue]o,l] : Su c X: o€ ]O'l]}:
S(X) = {{Su}ae]o,l] € ?(X) : SB 2 Sy

In this se(;tionijsome noﬁcati(l)lns alre prdesenteo:. ] for By € 10,1] with B<y},

Let R and C be sets of all real and complex numbers, i )
respectively. Fom,b € R, we set[a,b] ={x € R:a<x< and defineMy : P(X) - F(X) as
b}, [a,b[={x€R:a<x<b}, Jab]={xeR:a<x<
b}, and]a,b[={x € R:a<x < b}.

Throughout the present paper, 1&, Y, and Z be
nonempty sets. We identify a fuzzy sgton X with its for egch {Sulueroa) € P(X) . For {S}aejony € P(X) and
membership functior : X - [0,1]. Let F(X) be the set of X € X, it follows that

2. Preliminaries

MX({Sa}aE]O,l]) = Sﬁ)pl] aCSa
aelo,
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My ({Se}aego, ) (®) = sup acs, (X)
«a€]o,1]
= sup{a € ]10,1] : x € S},

= sup sup acs (%)
a€]0,1] xef~1(y)

= sup a sup cs (%)
a€lo,1] xef~1(y)

where sup@® = 0. The decomposition theorem can be

represented as

a= Mx({ [5] a}ae]O,l])

for 3 € F(X).

When  d=Mx({Secpoy)) for deFX) and

= SUPqelo,1] ACt(sy) ).

Remark 1: Consider the same settings as in Proposition 2.
It follows that

f(Se) < [f(D)]a

{Sa}uero1] € P(X), @ is called the fuzzy set generated byfor anyx € ]0,1] from Proposition 1. However,

{Sa}aeroa]: @nd {S,}qejo,1) is called the generator df.

3. Main Results

In this section, the results in [4] are extendedntore
general ones.

In [4], relationships between images of level sdtene or
two fuzzy sets under a mapping and another fuzzgtsained
from the one or two fuzzy sets by Zadeh's extengiarciple
are investigated. See [1, 4] for Zadeh's extenpiamciple.
The purpose of this section is to investigate i@ships
between images of generators of fuzzy sets undes@ping
and another fuzzy set obtained from the fuzzylsgt8adeh's
extension principle.

We define images of fuzzy sets under a mappingameh's
extension principle.

Definition 1:

(i) For f: X—>Y and i e F(X), f(3) € F(Y) is defined
as

f@A ) = sup a(x)

xef~1(y)

for eachy €Y.
(i) For f:XXY->1Z,
f(a,b) € F(Z) is defined as

f(a,b)(z) =
(

i€ FX), and beF(),

sup

A(x)Ab(y)
x,y)ef~1(z)

for eachz € Z, where A(x)Ab(y) = min {3(x), b(y)}.
Proposition 1:[4] Let {S,}ucj01) EPX) , and let
a = Mx({Sulueto1]) € F(X). Then,

S« < [a]a

for any o €]0,1].
Proposition 2: Let f: X —Y, and let{S,},ej0,1 € PX).
In addition, letd = My ({Su}uejo,11) € F(X). Then,

f(a) = MY({f(Sa)}aE]O,l]) = SUPyelo,1] ACE(S,)-
Proof: Lety € Y. Then, we have

fAy) = sup a(x)

xef~1(y)

= sup sup acg, (X)
xef~1(y) a€lo,1]

f(Se) # [f(3)]a

in general. Proposition 3.1 in [4] shows the case
{Sataetoa] = {[Alataeloag- In this sense, Proposition 2 is an
extension of Proposition 3.1 in [4].

Proposition 3: Let f: XxY - Z, and let{Sq}uejoq] €
SX) and {Ty}aepoq1) €S(Y) . In addition, let =
MX({Sa}ae]O,l]) € T(X) and b= MY({Ta}ae]O,l]) € T(Y) :
Then,

f(éi, B) = MZ({f(Sou Tot)}(xe]o,l]) = SUPqel0,1] ACE(Sq,Te)"

Proof: Let z € Z. Then, it follows that

f(3,b)(z) = sup a)Ab(y)
xy)Ef~1(z)
= sup [{ sup acsa(x)}/\{ sup aCTa(y)}]
xy)ef~1(z) | La€lo,1] a€lo,1]
and

sup

xy)Ef1(2)

Sup aCe(s,,T,) () [
«€]0,1] = Su
«€lo,1]

acs, (X)aacr, (y)]

= sup [sup acsa(x)/\acTa(y)].
xy)ef~1(z) la€]o,1]

Thus, it is sufficient to show that

{SuPae]O,ﬂ aCs, (X)}/\{SUPae]o,ﬂ ACr,, (Y)}
= SUPgelo,1] acsa(X)AaCTa(Y)-

1)

We set
Qo = SUPgelo,1] ACs,, (x), Bo= SUPgelo,1] ACT, ).

If =0, then acsg,(x) =0 for any a€]0,1]. If
Bo =0, thenacr (y) =0 for any a €]0,1]. Therefore,
(1) holds if agaB, = 0. Suppose thatyaB, > 0. From the
definition of aq,, it follows thatx € S, for any a € ]0, a,[,
and thatx ¢ S, for any a € Ja,, 1]. From the definition of
By, it follows thaty e T, for any a €]0,B,[, and that
y & T, for any a €]B,, 1]. Therefore, since

a if a € ]0, agABol,
acs, (x)nacr, (y) = {aonBy or 0 if a = agABo,
0 if a € JogABy, 1],
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we have

SUPqelo,1] ACs,, x) AQCT,, (y) = agnBo.

Remark 2: Consider the same settings as in Proposition 3.

It follows that
f(Se To) < [f(3, D)]«

for any o €]0,1] from Proposition 1. However,
f(Se To) # [f(3, b)]«

in general. Proposition 3.2 in [4]
{S(x}ote]o,l] = {[5101}0(6]0,1] and {Ta}ae]o,l] = {[b]a}ae]o,l]' In

this sense, Proposition 3 is an extension of Piitpns3.2 in
[4]. Moreover, Proposition 3.3 in [4] shows that

f([a]e Te) = [f(@ b)]a
for any a€]0,1] if and only if fl1(z)=¢ or
SUP(x yyer1(z A(X)AD(y) is attained for any € Z.
The following proposition is obtained from Propasit 3.
Proposition 4: Let m > 2, and letX;,i=1,2,..,2m—1
be nonempty sets, and leff : X,_; X Xp; = Xpi41,1 =
1,2,..,m — 1. In addition, let{S;q}qej01] € S(X1), and let

a; = My, ((S1adaeron ) € F(Xy), and let {SZi—Z,a}aE 10,11 €
S(le 2),1=2,3,. and let

= My, z({SZI 20(}0(601)ET(X21 2 1=23,.
Then

fm—l("' f3 (fz (f1(51, 52); 53), 54) tty glm)
= Msz—1 {fm-1C F5(F(FL (100 S200)5 Saa)s Sea)
) SZm—Z,(x)}ch]O,l])

= SUPqelo,1] ACfry_; (-F3(E2 (1 (S10520),540):S60) - S2m—-2,00)

shows the caséSq}acjoa) {Talaelo] €SV) . In
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equipped with an inner produé¢t:) : Vx V —» C. Forx,y € V,
(x,y) € C is the inner product of andy. For3,b € F(V),
(3,b) € F(C) defined as

(&b)(x) = sup a(y)rb(z)
(yz)=x

for eachx € C is called the fuzzy inner product &fandb.
Applying Proposition 3 to the fuzzy inner produthe
following proposition is obtained.
Proposition 5: Let V be a complex inner product space
equipped with an inner produgt:):VxV - C, and let
addition, let 3=

MV({Sa}ae]O,l]):B = MV({TO(}O(E]O,I]) € ?(V) Then!
(8,b) = Mc({{Se Te)}aeo,1]) = SUPaejo1] AC(s, To)-

We define a fuzzy distance by Zadeh's extensiarciplie.
Definition 3: Let X be a metric space equipped with a
distance functiond : X x X - R. For x,y € X, d(x,y) € R
is the distance betweex and y. For i,be F(X),
d(a,b) € F(R) defined as

d(3,b)(x) = sup a(y)ab(z)

d(y.z)=x
for eachx € R is called the fuzzy distance betwe#&nand
b.

Applying Proposition 3 to the fuzzy distance,
following proposition is obtained.

Proposition 6: Let X be a metric space equipped with a
distance function d:XxX->R Let
{Sa}ae]o,l]r {Ta}ote]o,l] € S(X) ) and let
a= MX({Sa}aE]O,l]):B = MX({Ta}aE]O,l]) € T(X) Then'

d(, B) = M]R({d(sw Ta)}ae]o,l]) = SUPgyelo,1] ACA(S,Ty)-

We define a binary operation of fuzzy sets by Z&leh
extension principle.

the

Remark 3: Consider the same settings as in Proposition 4. Definition 4: Assume thatX is equipped with a binary

If {Sm}ae]o,ﬂ = {[51](1}0(6]0,1] and {SZi_z'o‘}aE]O,l] =
{[aila}aejo) @ = 2,3, ..., m, then we have

fm—1 ( f3 (fz (fl (51: E~12)' 53): 54) T am)
= Msz—1 ({fm—1 (- (R (f1([A1] e [32]0), [A3]0), [4)0)
“ [am]a)}ae]o,l])

= SUPqe]o,1] KCfy_y (-+F3(F2(F1 (A1) . [A2] ). [83] @) [Aa) @)+ [Em]a)

However, it does not follow from Proposition 3.2[#) by
the statements in Remark 2.

4. Applications

In this section, some useful results for applicaicare
derived based on the results in the previous sectio

We define a fuzzy inner product by Zadeh's extensio= sup,ejo 1] XC..(((510+S20)

principle.

Definition 2: Let V be a complex inner product space

operation*. For x,y € X, x*y € X. For any3,b € F(X),
we defined « b € F(X) as

(3*b)(x) = sup a(y)ab(2)

y*Z=X

for eachx € X.

Applying Proposition 4 to the binary operation 0ty sets,
the following proposition is obtained.

Proposition 7: Assume thak is equipped with a binary
operationx. Let {Siq}uejo1] € SX),i=1,2,..,m, and let
a; = Mx({Sic3aejo1]) € F(X),i = 1,2,...,m. Then,

(- (@ x @) *83) -+ * )
= MX({( (((Sla * SZa) * S3O() * S4-O()

K Sm—l,ot) * Sm(x}cxe]o,l])

*S3a)*S4a)*Sm-1,0)*Sma*

In the rest of the present paper, ¥be a metric space
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equipped with a distance functiah: X x X - R, and discuss 30
the application of the obtained results to a fulazgation
problem. 25 .
A problem to locate a single facility is called mgie [blu
facility location problem. Leta; €X,i=12,..,m be
demand points. Demand points are fixed points WhiChH
represent locations of customers of the facilityoéolocated.
For eachi € {1,2,...,m}, let w; > 0 be a weight associated
with a demand poing;. Let x € X be a variable location of [d]
the facility, and letS c X,S # @ be the feasible region which
the facility can be located. Then, the crisp minisiecation
problem is formulated as 00

0 1 2 3 4
(P) min Y%, wid(a;, x) Figure2. [a], and [B],.
s.t. X € S.
; ; L ; In this section, examples of the fuzzy inner prdcud the
Replacing demand points;,i = 1,2, ..., m in (P) by fuzzy ; i ' . .
demand pointss; € F(X),i = 1,2, ..., m, the fuzzy minisum fuzzy ollsfance diﬂned in the previous sectionpaesented.
location problem is formulated. Fuzzy demand poiats Let &b € F(R®) be fuzzy sets defined as
fuzzy sets which represent locations of customdrghe 5 I 01—1lv—1 01—lz—2
facility to be located. Assume that(R) is equipped with an a(y,2) = min {max{0,1 = |y = 1[}, max{0,1 = |z = 213}
ordering of some kind. Then, the fuzzy minisum tama and
problem is formulated as B
in ¥ wd(,x) b(y,z) = min {max{0,1 — |y — 4|}, max{0,1 — |z — 1|}}
~ min iz wid(3j, x
(P) s.t. l X (15 S, 1 for each (y,z) € R? (Fig. 1). Assume thaR? is equipped
5 ~ 3 with the canonical inner produdt,): R? x R? > R and
where d(&;,x) = d(&j,cfy), and, ford € F(R) and A€ R,  the Euclidean distancd : R? x R? - R. For eacha € ]0,1],
since [d],=[w2—-0a]xX[1+a3—a] and [b],=

(AD) = supa(2) [3+0,5—a] X [02 —a] (Fig. 2), it follows that
for eachy € R by Zadeh's extension principle. From the ([a]a [b]a) = [202 + 4@, 202 — 120 + 16],
decomposition theorem and Propositions 2, 6, antehave
and that
m m B
Z wid(d;,%) = Mg {Z wid ([ x)} d([a]e [Blo) = [1 + 20,+/802 — 32a + 34]
=t =1 aelo,1] for « €]0,0.5] and
~ SPacloal AR, wid(@la- d([3]e [Blo) = [V8a2Z + 2,4/8a% — 32a + 34]

It means that the objective function &) can be primarily
dealt with for general fuzzy sets, and the necgsaiid
importance of the obtained results are revealed.

for o €]0.51]. From the decomposition theorem and
Proposition 5, we have

(1 .
“V2x+4—-1 fx € [0,6],
5. Examples (3,b)(x) 21 i e
4, =
X —5V2xTa+3  ifxelslel,

k 0 otherwise

for eachx € R (Fig. 3). From the decomposition theorem
and Proposition 6, we have

! ! ifx € [1,2]
2X > if x 2],
1 .
d@b)e =] V&' -4 ifx € |2,v10],
1
i_Z 2x2 — 4+ 2 ifx € |vV10,V34],
0 otherwise

Figurel. &b € F(R?). foreachx € R (Fig. 4).
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6. Conclusions

In the present paper, the results in [4] were aladnto
more general ones, and some useful results folicapphs
were derived by the extended ones. Propositions3d13.2
in [4] were extended to Propositions 2 and 3, retpaly.
Propositions 3.1 and 3.2 in [4] show that the clafsenages
of level sets of one or two fuzzy sets under a rmapjs the
generator of another fuzzy set obtained from the entwo
fuzzy sets by Zadeh's extension principle. Promost2 and
3 show that the class of images of generators efantwo
fuzzy sets under a mapping is the generator ofh@ndtizzy
set obtained from the one or two fuzzy sets by Hade
extension principle. Then, Proposition 4 was detifiom

A Note on Zadeh's Extension ¢tpie

Proposition 3 in order to be more useful. By apmdythese
results to fuzzy inner products, fuzzy distancesd a
operations of fuzzy sets, Propositions 5, 6, andvefe
derived. Propositions 5, 6, and 7 are very use&fubhalyzing
fuzzy inner products, fuzzy distances, and opematiof
fuzzy sets. Furthermore, we discussed the appiicaif the
obtained results to the fuzzy minisum location peab The
obtained results in the present paper can be egbdot be
useful for analyzing various fuzzy mathematical
programming problems such as the fuzzy minisumtiooa
problem.
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