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Abstract: The notion of fuzzy logic was introduced by Zadeh. Unlike traditional logic theory, where an element either belongs
to the set or does not, in fuzzy logic, the affiliation of the element to the set is expressed as a number from the interval [0, 1].
The study of the theory of fuzzy sets was prompted by the presence of uncertainty as an essential part of real-world problems,
leading Zadeh to address the problem of indeterminacy. The theory of a fixed point in fuzzy metric spaces can be viewed in
different ways, one of which involves the use of fuzzy logic. Fuzzy metric spaces, which are specific types of topological spaces
with pleasing “geometric” characteristics, possess a number of appealing properties and are commonly used in both pure and
applied sciences. Metric spaces and their various generalizations frequently occur in computer science applications. For this
reason, a new space called a Pompeiu-Hausdorff fuzzy b-metric space is constructed in this paper. In this space, some new fixed
point results are also formulated and proven. Additionally, a general common fixed point theorem for a pair of multi-valued
mappings in Pompeiu-Hausdorff fuzzy b-metric spaces is investigated. The findings obtained in fuzzy metric spaces, such as
those discussed in Remark 3.1, are generalized by the results in this paper, and additional specific findings are produced and
supported by examples. The study of denotational semantics and their applications in control theory using fuzzy b-metric spaces
and Pompeiu-Hausdorff fuzzy b-metric spaces will be an important next step.

Keywords: Fuzzy Metric Space, Fuzzy b-metric Space, ¢-norm, Fixed Point, Implicit Relation

3-tuple (&, A, *) is said to be a fuzzy metric space [11, 12] if

A is a fuzzy set on £ x £ x (0,00) satisfying the following
The study of fixed point theory in metric spaces has a  conditions for all r,y,2€EL,u>0:

variety of applications in mathematics, particularly in solving 1) A(z,y,t) >0,

differential equations. Many authors have studied the new ) Alz,y,0) = Aly,z,0) =1 iff ==y,

class of generalized metric space, known as b-metric space, ) Az, z,0+p) > Az, y,0) x Ay, z, p),

introduced by Bakhtin [4] in 1989. For example, see [1- ) A(z,y,.) is left continuous function from

3, 5-8, 10, 16-19]. In 1975, Kramosil and Michalek [14] (0,00) — [0, 1].

1. Introduction

DO

=~ W

proposed the idea of a fuzzy distance between two elements
of a nonempty set, using the concepts of a fuzzy set and a ¢-
norm.

A binary operation « : [0, 1] x [0, 1] — [0, 1] is a continuous
t-norm if it satisfies the following conditions: x is continuous,
associative, and commutative, a x 1 = « for all a € [0, 1] and
forall o, 8,7, € [0,1] if « < yand 8 < 0 then a* 5 < 4.

George and Veeramani [11] generalized the concept of fuzzy
metric spaces introduced by Kramosil and Michalek [14].
Given a non empty set &, and x is a contnuous t-norm, the

The relationship between b-metric and fuzzy metric spaces
is considered in [13]. Conversely, [20] introduced the concept
of a fuzzy b-metric space, substituting the triangle inequality
with a weaker one.

In this paper, a general common fixed point theorem for a
pair of multi-valued mappings in Pompeiu-Hausdorff fuzzy b-
metric spaces is of interest to be proven.
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2. Preliminary

Definition 2.1. [20] A 3-tuples (£, A,x) is called a fuzzy
b—metric space if ¢ is an arbitrary nonempty set, * is a
continuous t-norm, and A is a fuzzy set on £ x £ x (0,00)
satisfying the conditions for all z,y,z € &, ¢, > 0 and a
given real number s > 1 :

(bl) A(.I‘,y,b) > 07

(be) A(x,y,¢) = 1ifandonlyif z = y,

(b3) (III,y,L) :A(y7l’,L),

(ba) A(z,2,8(e+p)) = A(z,y,0) x My, 2, 1),
(bs) A(z,y,.): (0,00) — [0,1] is continuous.

Remark 2.1. In this paper, a fuzzy b-metric space with
the additional condition lim A(zx,y,¢) = 1 will further
L—> 00

be used. R
Example 2.1. [9] Let A(z,y,t) = ea:p_‘x#, where p > 1
is a real number, and a x § = a.f for all o, 8 € [0,1]. So
(&, A, %) is a fuzzy b-metric space with s = 2P~1

Definition 2.2. [20, 21] Let (£, A, %) be a fuzzy b-metric

space.
(i) A sequence (z,) is said to converge to xz if
MA@y, 2,0) — 1 asn — oo for each ¢ > 0. In this
case, nh_)rréo T, = x is written.
(ii) A sequence (x,) is called a Cauchy sequence if,
Ve € (0,1)and v > 0,3 ng € NVn,m > no,
AMxp, Tm,t) > 1 —¢.

(iii) The fuzzy b-metric space (£, A, ) is said to be complete
if every Cauchy sequence is convergent.

(iv) Asubset C' C ¢ is said to be closed if, for every sequence
xz,, € C such that x,, — x, x is contained in C'.

(v) A subset C' C £ is said to be compact if every sequence
xy, € C has a convergent subsequence.

3. Main Results

In this section, a new space called a Pompeiu-Hausdorff
fuzzy b-metric space is constructed. Several examples are
presented in this section. In this space, some new fixed point
results are also formulated and proven. The following is
presented as the starting point:

Throughout this paper, the family of nonempty compact
subsets of & will be denoted by C(&), and the family of
nonempty closed subsets of & will be denoted by CL(¢).
For all K,L € C(¢) and for all « > 0, a function on
C(&) x C(€) x (0,00) is defined by

Iz (K, L,t) = min {klg;([\(k‘,L,L),;2£A(K,l,b)} ,

where A(M,y,t) = sup A(z,y,¢).
zeM

Then, the Pompeiu-Hausdorff fuzzy b-metric induced by the
fuzzy b-metric A is called IT5. The triplet (C'(§), A, *) is
referred to as the Pompeiu-Hausdorff fuzzy b-metric space.

Additionally, 5, (K, L, ) is defined by

SA(K,L,1) =inf{A(k,l,0), ke K 1L}, ¢>0.

It is immediately followed from the definition of §, that
OA(K,L,1)=1 <<= K=L={}and

Ak, 0) > 0a(K, Ly1)

Indeed:
If K =L ={.1}, then

6A({k}’ {k}7 L) =

Now, if 65 (K, L,¢) =1, Vo > 0.
ThenV(k,l) € K x L, A(k,l,t) > 6p(K,L,¢1) =
So, K =L={k}={l}={}.
Proposition 3.1. Let (£, A, x) be fuzzy b-metric space with
constant s.
Then I, is a fuzzy set on C(£) x C(€) x (0, c0) satisfying
the conditions for all ¢, 4 > 0 and K, L, M € C(§):
) TA(K, L) > 0,
o) IA(K, L)) =16 K =L,
I5) Ia (K, M, s(c+ p)) > T (K, L, o) < Tz (L, M, 1),
I,) TA(K,L,.): (0,00) — [0, 1] is continuous.
I15) ngglo IA(K, L) =1 Lliglo Ak,l,0) =1
Proof (II1) Let K, L € C(§), let us show that

Vke K VieL, .+>0.

(SA(K,L,L) = A(k,k‘,L) =

(IT
(I
(
(
(

IA(K, L,t) > 0,Y0 >0,

we have
I\ (K, L) = min{ inf A(k,L,¢),inf A(K,Z,L)} ,
keK €L

= min{ inf sup A(k,l,0), mf sup A(k, 1, L)}
KieL leL ek

Suppose that 115 (K, L,.) = inf supA(k,l,¢), by the

keK jer
characterization of inf and sup, there exist (k,,l,) € K x L

such that li_)rn Ak, ln,t) =T (K, Ly1), Vo> 0.

Since K and L are two compacts, then (k,) and (I,,)
respectively admit two subsequences, as also noted by (k)
and (I,,), such that k,, — k € K andl,, — 1 € L (n — o0).

By Definition 2.1 (by), it is obtained that

Alkns by t) = A (kb o= ) 5 A (K, L, )

> A (koo )« (30007

éz)*>
) )
L
472)*1)

L
@)>07 Ve > 0.

by taking n — o0, it is obtained that
HA(K,L,¢) > 1% (A (k,h

:A(k,l,
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Similarly, if ITy (K, L, 1) = l1n£ sup A(k,1,¢). According to the lower bound characterization, there exists
ChkeK kn € K, such that lim A(k,, K,¢) = 5 (K, K, ). Since K
Then 1T (K, L,¢) >0, V¢>0. n € £, such tat im (kn, K1) A(K, K, 1) Since
(I,) Let K, L € C(€), ¢ > 0 and show that is a compact, then (k,,) admits a subsequence also noted (k,, ),
IA(K,L,t)=1,< K=L. such that k, — k£ € K. On the other hand, it is obtained that

If K = L, it is obtained that
fh1s obtamed tha A(kp, K, 1) = sup Alkn, x,0) > A(kn, K, 1),
MA(K, 1) = TA(K, K, o) = inf A(k, K, 0). ek

S

by taking n — oo, it is obtained that

IMA(K,K,) = lim A(k,, K,¢) > lim Ak, k,¢) =1.

n— oo n—o0

So, A (K, K, 1) = 1.
Now, if Ty (K, L, ) = 1, then
inf A(k,L,t) =1and inf A(K,l,¢) =1
keK leL
Vke K, A(k,L,.) =land ¥l e L, A(K,1,0) = 1,
Vk e K, supA(k,l,.) =1and V!l € L,sup A(k,l,0) =1,
leL keK
Vke K, 3, € L: lim A(k,l,,.)=1andVl € L, Ik, € K : lim A(kp,l,¢) =1,
n—oo

n—oo

VkeK,3Al,eL:1l, ke LandVlie L, 3k, e K : k, >l € K,
K=1L.

O

(TI3) Let K, L, M € C(&), t,;u > 0 and s > 1, let us show that
HA (Ka MaS(L+M)) > HA (KaLvL)*HA(Lval’L)'

Suppose that TTx (K, M, s(¢+ p)) = kinf{A (k, M, s(v+ w)) . First, it is proven that, for all (k,1) € K x L:
€

A (k, M, s(c+p) > Ak, 1) % A(l, M, ).

Indeed, since A(l, M, ) = sup A(l, m, u), then there exists m,, € M such that:
meM
lim A(l, my, p) = A(l, M, u). By definition 2.1 (by), it is obtained that

n—roo
Ak, 11, 50+ 1)) > Al 1) % AL g, 1),
by taking n — o0, it is obtained that

Ak, M50+ ) > T Alk,mo, s(o+ )
> lim Ak, 0) % A(lmn, ),
= A(k,1,0) % Jim. A(l,mg, ),
= Ak, 1,0)x A(l, M, p).
So,
Ak, M,s(e+ u) > Ak, 1) x A(l, M, ). (1)
Now, it is obtained by (1) that

A (k, M, s(t+ p)) Ak, 1,0) * A(1, M, 1),

Ak, 0) *lin£A(l,M, u), VlelL.
€

(AVARIYS
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Then
Ak, M,s(t+pn)) > supA(k,l,¢) *inf A(l, M, p),
= leL
= A(k,Lw)*liniA(l,M,,u), Vk € K.
€
This implies
IIp (K, M, s(t + ) :kinif{A(k,MJ(L—&—u))
€
> inf A(k, L inf A(l, M
2 inf Ak, L,¢) x inf A(l, M, p),
> A (K, L, ) % Tz (L, M, p).
Because

kin}f{A(k, L,.) > TIA(K, L,¢) and
€
inf A(l, M, p) > TA(L, M, p)
€

Similarly, if ITy (K, M, s(t + p)) = héqu (K, m,s(t+ p)). Then

(ILy) Let K, L € C(§), let us show that
Iz (K, L,.) : (0,00) — [0,1] is continuous, let (¢,,) a sequence of elements in (0, c0) which is converged to ¢, then it is
proven that lim IIx (K, L,¢,) = A (K, L,¢).
n— oo

By Definition 2.1 (bs), for all (k,1) € K x L, it is obtained that

lim A(k,le,) = A(k,1,0), ie

n—oo

Ve>0 dngeN Vn>ng:

Ak, 1,0) —e < Akl en) < Ak, 0) +e.

Then

sup Ak, l,0) —e <sup A(k,l,t,) <supA(k,l,¢) +e.

el leL leL
So,

Ak,Lyt) —e < A(k, L, 1) < A(k, L, o) +e.
This implies
klg}f{ Ak,Lyu) —e < kig}f{A(k:,L,Ln) < klél}f{ Ak, L) + e 2)

Similarly, it is found that

inf A(K, 1o)== < inf A(K, L 1,) < inf A(KL1) +<. 3)

Thus, it is deduced from (2) and (3) that
IA(K,Lyt) —e <TA(K,L,t,) <TUA(K,L,1) +¢.

So, lim I, (K, L, t,) = HA(K, L, ).

n— oo
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(II5) Let K, L € C(§),¢ > 0, and show that

lim I (K, L,t) =1 < lim A(k,l,¢) = 1.

L—>00 L—00
If K = {k} and L = {l} it is obtained that
tliglo IA(K, L) =1= ngglo IOa({k},{l},0) =1
= lim A(k,l,.) = 1.
L—> OO

Now, if lim A(k,l,¢) = 1. Suppose that
L—> 00

IA(K, L) = kiglf(?lelEA(k,l,L),

according to the characterization of the lower bound and upper bound, there exist (k,,, l,,) € K, x L suchthat lim A(k,,{,,t) =

n— o0
TIA(K, L,t), Ye¢>0.Thus
lim T (K, L,¢) = lim (hm A(k”,ln,L))
L—00 1—00 \n—o00
= Tim (Hm Ak, b)) =1,
n—oo \t—o0
Similarly, if
IIA (K, L,.) = inf sup A(k,1,¢).
lel gek
Then lim IIA(K, L,¢) = 1.
L—> 00
3.1. Fixed Point and Multivalued Mappings Compact
Subsects of £
Definition 3.1. Let © be the set of all continuous functions (1, ta, t3,t4) : [0,1]* — R such that:
(6o) : 0 is nonincreasing in variable ¢; and nondecreasing in variables to, 3, t4.
(61) : Yu,v € [0,1]
O(u,v,v,u) <0orf(u,v,u,v) <0 = v < u.
(02) :Yu e [0,1] O(u,u,1,1) <0 = u=1.
Example 3.1. 0(t1,t2,t3,t4) = %ln (t2) —In(t1), withp > 1.
Example 3.2.
1 t1 1 to .
0(ty,ta,t3,t4) = ——— — — — X - = th0 < A<1
(1727374) 1+t1 9 <1+t2 2>3W1
Example 3.3. 0(t1,ta,t3,t4) = B(t1) — A\B(t2), with S : Definition 3.2. A function ¥ : §¢ — C'L(&), where (£, A, %)
(0,1] — [0,00) and (1) = 0 is a continuous function strictly  is a fuzzy b-metric space, is called closed if for all sequences
decreasing, 0 < A < 1. (zy,) and (y,) of elements from £ and x,y € & such that
Example 3.4. 0(t1,ta,t3,14) = ﬁ(tl)f)\ﬁ(%Jr%), with lim z, =2, lim y, =yandy, € ¥(z,) foreveryn € N,
. . . n—oo n—oo
B : 0,1] — [0, oo) and (1) = 0 is a continuous function is obtained that y € U(z).
strictly decreasing, 0 < A < 1. Theorem 3.1. Let (£,A,%) be a complete fuzzy b-metric

Example 3.5. 0(t1,t2,t3,ts) = ~(t1) — k(t)y(t2), with space with constant s, let’s suppose that A is continuous with

7+ (0,1] = [0,00), 7(1) = 0 is a continuous function strictly respect to one of its variables. Let ¥, ® : £ — C(&) be two
decreasing and k be a function from (0, co) into (0, 1). closed maps and @ € © such that

1) A (W(2),2,0), ) <o @
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Then ¥ and ® have a common fixed point = € £.

Moreover, if x is absolutely fixed for ¥ and ¢ (which means
that ¥(x) = {z} and ®(z) = {x}), then the fixed point is
unique.

Two lemmas are needed for the proof of this theorem.

Lemma 3.1.In a fuzzy b-metric space (£,A,x), if the

function A is continuous with respect to one of its variable,
then it is continuous with respect to the other.

Proof Suppose that A is continuous with respect to the first
variable, and let (y,,) be a sequence of elements of £ such that
(yn) is b-convergent to y € &. Then since A is symmetric, for
all z € &, it is obtained that

> 0.

lm A(z,yn,t) = lim A(yn,z,0) = Ay, x,0) = Az, y, 1),
n—oo

n—oo

Lemma 3.2. Let (£, A, ) be a fuzzy b-metric space and let A € C(&), if A is continuous with respect to one of its variables,
then for all z € X, there exists yg € A such that

A(J?,A,L) = sup A(J?,y, [’) = A(x7y0a L)7
yeA

> 0.

Proof Since A(z, A, ) = sup A(z, y, ¢), then for every
yeA

n € N* ¢ > 0, there exists 2, € A such that

Az, A L) — 1 < Ax,xn,t) < A, Ay) < Az, A, l) + l
n n

Since A is compact, (x,,) has a subsequence, also noted (z,,), which is b-convergent to yy € A. So,
1
[A(z, zp,t) — Az, A1) < = — 0 when n — oo.
n

from where lim A(z,x,,t) = Az, A4, 1), so since A is continuous, it is deduced that

n— oo

lim A(Z‘,l’n, 1/) = A(IvyOa l’)a

n—oo

hence from the uniqueness of the limit in a fuzzy b-metric space, we have A(x, yo,t) = A(z, A, 1), ¢ > 0.

Proof of the Theorem.
Let xg € &, and 1 € Wxgq. Since 21 € Yxy, it is obtained that

inf Az, Pxq,0),

Iz (Vzo, Px1,0) = min wiﬁgo A(Vzo,y,¢)
=r o y I
< inf Az, ®a,0)
zeVx)
< Az, Px1,t) = sup A(zy,y,¢).

yedr,

And we have ®z is compact and A is continuous with respect to one of its variables, so according to Lemma 3.2 there exists
xo € ®xq such that

I\ (g, Pxq,t) < A(z1,22,0), ¢>0.

Similarly, since x5 € Pz, it is obtained that

I (Pxg, Paq, ) < A(Vag,29,t) = sup Az, x9,0).
rzeWry

And we have Wz is compact and A is continuous with respect to one of its variables, so according to Lemma 3.2 there exists
x3 € Wy such that

I\ (g, Pxq,t) < A(zo,23,0), ¢>0.
Similarly, there exist x4 € ®x3 such that
I (Pxg, s, ) < A(zs,24,t), ¢>0.
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A sequence (x,,) is constructed by recurrence such that zo, 1 € Ua,, and zo,2 € Pxo,11 Which satisfies:
ITA (Pzoy, Pron_1,t) < A(Tant1, Tan, ), (5)
and
IIp (Pag,, Pront,t) < Axopt1, Tanto,t). (6)

According to (4), with £ = 29, and y = x2,_1, it is obtained that

0 < I\ (Yo, Pron—1,t), A (T2, Tan—1,1t), > <o.
A (Txon, Ton,t) , A (Prop_1,2on—1,t) =
Since xan4+1 € Yoy, and zo, € P2y, 1, then
A (Vo won,t) > A(Tant1, Tan, L), @)
and
A (Pxop_1,Tan-1,t) = A(Tan, Tan—1,t) . (8)

By (5),(7),(8) and (fy), it is obtained that

9< A (T2n41, Ton, t) s A (T2n, T2n-1,1) , > <0
A<x2n+17x2n;[’) 7A($2n7x2n717l') -

By (61), it is obtained that

A(I2n7$2n+1,b) < A(.’L‘anl,l'Qn,[/), n e Na L> O (9)
Similarly, by (4) with x = 9, and y = 22,41, it is obtained that

0 IIA (Ozon, Pronti,t) , A(Zan, Tont1, i), <0
A (Yaon, Ton, t) , A (Px2pq1, Tant1,t) -7

Since xoy, 2 € Paoy41, then
A(Pxon+t1, Tont1,t) > A(Tant2, Tant1,t) - (10)
By (6),(7),(10) and (6y), it is concluded that
9 A ($2n+17 Tan42, b) A (xzm Tan+1, L) s <0
A(Z2n41,Ton, ) A (Tong2, Tang1,0) ) =

By (61), it is obtained that

A (T2n, Tang1,t) < A (@241, Tang2,t), n € N, 0> 0. (11)
According to (9) and (11), it is determined that
A(«In—lyxnab) <A(l‘n,xn+1,L), TLGN*, t>0. (12)

So, (A (%, Tnt1,t)) is a strictly increasing sequence of positive real, numbers in [0, 1].
Consider A, (¢) = A (2, Tpy1,t). Then (A, (¢)) is a strictly increasing sequence.
So, there exists A(¢) such that lim A, (¢) = A(c), ¢ > 0.

n— oo
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Suppose that 0 < A(¢) < 1. According to (4), with x = x5, and y = 22,11, it is obtained that

0 Ia (Y2p, Proni1,t) s A(Ton, Tony1,t), <0
A (\Ijx2n; Ton, L) 7A ((prn—Q—la Toan+1, L) -

By (6),(7),(10) and (6y), it is obtained that

)

A (@ont1, Tonyo,t) s A (Ton, Tony1,0),
0 <0
A (@ont1,Ton, ), A(Zont2, Tont1,t)

=0 ( A2ns1(t), A2n (1), Aon(t), Agnia(e) ) <O0.
Since 6 is continuous function, taking n — oo, it is obtained that

6 ( A(),A(),A(),Ale) ) <0.

125

By (6,), it is obtained that A(¢) < A(:), which leads to a contradiction. Then A(t) = 1. Now, it will be proven that (z,,) is
a Cauchy sequence. Suppose that (z,,) is not a Cauchy sequence, then for all 0 < e < 1, there exist two sub-sequences (2, (;))

and (z,,,(;)) such that for each i € N, let n(4), m(i) € N satisfying n(i) > m(i) > i, such that

A (@2n(i), Tom(iy+1,4) < 1 —e.

13)

Now, 2n(4) is chosen corresponding to 2m(i) + 1 such that it is the smallest even integer with n(¢) > m(i) and satisfies

Inequality (13). Hence,
A (1'2n(i)—1, Tom(i)+1> L) >1—¢

By (13), it is obtained that

1—e>A (ﬂfzn(i), T2m(i)+1> L)

> A (x2n(i)7x2n(i)717 QLS) * A (x2n(i)*17x2m(i)+17 i) .

By (14), it is obtained that

L—e > A(Zan(i) Tam(i)+1: 1)
L
> A( n(z)» n(i)— ai) 1-
= 372()332()128* €
L
= A2n(i)—1 (g)*l*é’

Taking ¢ — o0, it is obtained that

1l—e> ZB&A (xgn(i),xgm(i)H,L) >lxl—e=1—¢.
So,
lim A (332n(i)7332m(i)+17 L) =1—c.

1—>00

By (4) with x = Z9,,,(;y and y = Z2,,(5)—1, it is obtained that

A (Yo (i), Pron(iy—1,t) »
0 A (me(i)van(i)—ly L), <0.
A (\III'Zm(i)» Tom (i) L) )
A (Pxop(i)—15 Toan(i)—1, L

(14)
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Since Tom(i)+1 € \I’xgm(i), and Ton(i) € ‘I)xgn(i),l, then

A (BT iy, Tam(iy, t) = A (Zam ()41, T2m(i)> L) » (15)

and

A (Pz2n(i)—1, Ton(i)—15t) = A (T2ni), Tan()—1,¢) - (16)
By (15),(16) and (6y), it is obtained that

1A (qj‘er(i)a q>$2n(i)—17 L) )
0 A ($2m(i), Ton(i)—1st) » <0.
Lom(i)+15 L2m(i)s L) )
A (xZn(i)a Ton(i)—1s L)

Since Tom(i)+1 € \I/l'gm(z) and Tan(i) € @xgn(i),l, then

A (YZom (i), Poon(iy—1,t) < A (Tam(i)y+1, PTaniy—1,¢)
=A (xgm(i)+1, Do (i)—1, L) *1

= A (Zom@i) 41, ®Ton(sy -1, 1) * A (Tan(iy, PTon(i)-1,¢)
<A (:L’Qm(i)J’,l, Ton (i), 2LS) .

So

A (YZom (i), PTon(iy—1:t) < A (Tam(i)y+1> Tan(i), 20S) - (17)

By (17) and (fy), it is obtained that

A (@2n(i)s Tam ()41, 25L)

01 Aoy (35) * A (Zam(i)+1: Tan@i)—1555)» | <0
AQm(i) (L) 7A2n(i)—1 (L)

-9 < A (xQn(i)vam(i)+172SL) 7A2m(i) (ﬁ) *1—e¢, ) <0.
AQm(Z) ([’) 7A2n(i)71 (L)

taking ¢ — o0, it is obtained that

(1—-elxl—¢1,1)<0
=0(1l-¢el1-¢1,1)<0.

By (62), it is obtained that 1 — ¢ = 1, which leads to a Since lim %3,_1 = lim x3, = lim z9,11 = x, ¥ and
3 . n—oo n—oo n—oo
contradiction. _ . ® are closed, then z € Uz N Dz.
Hen'ce (zn) is a Cauchy sequence 1n a complete fuzzy Unicity. Suppose that Uz = {x} and there exists y € X is
b-metric  space. So there exists x € & such that  yp6ther common fixed point of ¥ and ®, such that &y = {y}.
lim A(z,,z,¢) = 1. Next, it is shown that x € Yo N ®x, Then by (4), it is obtained that
n—oo ’

indeed, we have zo,, € ®x9,_1 and 9,41 € Y29,, n €N.

9( Iy (Yz, @y, o), A (z,y,0) , A (Y, 2,0), ) <0

A (®y,y,¢) -
A(l'ava)7A($ay7b)aA($,$7L)7

:9( A(y,y,1) =0

:>6( A(.T,y,b)7A($,y7L),1,1 )SO

By (62), it is obtained that A (z,y,¢) = 1, then x = y.
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3.2. Fixed Point and Multivalued Mappings Closed
Subsects of £

Theorem 3.2. Let (£, A, x) be a complete fuzzy b-metric space with constant s. Let ¥ : £ — CL(£) be a closed maps and
0 € © such that

oA (\I/({E), \Il(y), L) A (xvya L) A (\I/(l'),x, L) )
o( A(U(y), 9,1 ) <o %

Then ¥ has a unique fixed point = € €.
Proof Let zy € &, define the sequence (z,,) of elements from £ such that: =, ; € Uz, for every n € N.
According to (18), with z = x,,_1 and y = z,, it is obtained that

0 5A (\Ijmn—laqjxnab)7A(xn—laxn7L)a <0
A(\lenflvl'nflab)aA(\Ijxnaxnvb) )

Since z,, € Yz, and z,,41 € Yz, it is obtained that

A (\II:E7I,—17 x’n,—lv L) Z A (xnv xn—la l’) )
A (\I/xna Ty L) Z A (xn+17 Tn, L)
and o (U1, Py, t) < A(zp, Tni,t) .

By (6p), it is obtained that

A(xnaxn+17L)aA(xnflvxnaL)a
0< A($n7$n717b)7A(xn+1>xn7b) SO

By (61), it is obtained that
A(@p—1,2n,t) < AT, Tpy1,t), ne N +>0.

Thus, using the same argument as in Theorem 3.1, it is deduced that z,, is a Cauchy sequence and is converged to = € &, the
fixed point of W.
Unicity. Suppose that there exists y € £ is another fixed point of W. Then, it is obtained by (18) that

9<(M(Wxﬂhhw,A(xﬁhd,A(Wxﬂn07) <0
A(Py,y,1) -

by (o), it is obtained that

0<A(x7y7[’)7A(xﬂy7[’)7A(',I:7x7[’)7>§0
Ay, y,1)

= 0( Az,y,0),A(z,y,0),1,1 ) <O0.

By (62), it is obtained that A (x,y,¢) = 1, then x = y.

As a consequence of Theorem 3.2, if ¥ = f is single-valued mapping, the following is obtained

Corollary 3.1. Let (£, A, x) be a complete fuzzy b-metric space with constant s. Let f : £ — £ be a continuous mapping and
0 € O such that

9( A(fl’,fy,L),A(SC,y,L),A(f:C,iL’,L),A(fy,y,L) )SO

Then f has a unique fixed point = € &.

Example 3.6. Let £ be the subset of R? defined by ¢ = {4, B,C, D},
where A = (1,0,0), B = (0,1,0), C = (0,0,1) and D = (2,2,2). cxd = c.d forall ¢,d € [0,1] and (&, A, ) is a complete
fuzzy b-metric space such that:

—d(=z,y)

A(x7y7L):6 ¢ ) z’y€§71/>07

where d(z, y) denotes the Euclidean distance of R3.



128 Noreddine Makran: Pompeiu-Hausdorff Fuzzy b-metric Spaces Are Associated with a Common Fixed

Point and Multivalued Mappings

Let U : £ — £ be given by

Show that for all z,y € &

0( AWz, Wy, o), A(z,y,0),A(Pz,z,0), A (Vy,y,0) ) <0.

With 0 as in Example 3.3, and 8(t) = —In(t).

Indeed: If z,y € {A, B,C}, itis obtained that A (Uz, Uy, ¢)

So B(A (W, Wy,)) = 0 < AB(A (z,y,1)), A € (0,1).
Ifz € {A,B,C} and y = D, it is found that

ATz, Ty,1) = e and A (z,y,1) = e .

So B(A (¥a, Wy, 1)) < AB(A (z,9,0)), A€ (. 1).

Now, all the hypotheses of Corollary 3.1 are satisfied and
thus W has a unique fixed point, that is x = A.

Remark 3.1. Theorem 3.1 in [22] is obtained from Corollary
3.1 and Example 3.5.

4. Conclusions

In this paper, a new space called a Pompeiu-Hausdorff fuzzy
b-metric space is constructed. Some examples in this space are
presented. Additionally, some new fixed-point results in this
space are formulated and proven, which extend the results of
[22], and the existence and uniqueness of the common fixed
point in such a space are demonstrated.

The approach proposed may pave the way for new
developments in generalized metrical structures and fixed-
point theory. The results obtained can be further used to
investigate coincidence, common, and relation theoretic fixed-
point results.
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